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Non-Existence of phase-shift breathers in one-dimensional Klein-Gordon
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It is well known that one-dimensional Klein-Gordon lattices with nearest-neighbor interactions
can support multibreathers with phase differences between the successive “central” oscillators φi =
0 or pi (standard configurations). In this paper we prove that in this kind of systems, the standard
configurations are the only possible ones, so phase-shift breathers (configurations with φi 6= 0, pi)
cannot be supported. This fact also determines the linear stability of the existing multibreathers.
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I. INTRODUCTION
Since [17, 21] much interest has been drawn in the study of space-localized and time-periodic motions
in lattices of coupled oscillators. These motions are called discrete breathers (DB) if the oscillation
is localized around one “central” lattice site, while, if there are more than one central oscillators, the
motion is called multibreather (MB) or multi-site breather. The wide interest about discrete breathers-
miltibreathers is underlined by the numerous review papers there exist on this subject (e.g. [4, 8, 9, 14]).
One of the most popular systems in which such motions are studied is the well-known Klein-Gordon
(KG) chain. The classical KG setting consists of a one-dimensional lattice of oscillators each coupled
with its nearest-neighbors (NN). Since the first proof of existence of DBs [15], there have been several
papers dealing with the issue of existence and stability of MBs in KG chains (e.g. [1, 7, 20]). In [13] a
methodology for proving the existence of multi-site breathers was introduced based in the work of [2, 16]
and using also the terminology of [10]. This methodology was generalized for a generic Klein-Gordon
chain in [11] and provided general persistence and stability conditions independently of the precise form
of the on-site potential. The stability results of [11], have been shown in [6] to be in correspondence to
the results of [3], which were already been obtained by using the band theory of [4]. In a recent work [19]
an alternative proof of the stability theorem of [3] has been presented by using the same band theory,
providing also a proof of the eigenvalue counting result of [3]. These results have been generalized in [18]
by also considering “holes” between the central oscillators. In a different context, similar results have
been recently obtained [22] by considering a diatomic FPU chain.
The existing multibreather solutions are categorized in terms of the phase differences between the
central oscillators. It is well known that KG chains can support multibreathers with phase differences
between the successive central oscillators φi = 0, pi. These are the standard configurations. Although
there is strong evidence that phase-shift breathers i.e.multibreathers with phase differences φi 6= 0, pi,
cannot exist, a rigorous proof of this fact had not been presented.
In this work we prove that the one-dimensional Klein-Gordon lattice with nearest-neighbor interactions
cannot support phase-shift breathers, by proving that the persistence conditions provided by [11] do not
have solutions other than the standard ones φi = 0, pi.
The fact of the non-existence of phase-shift breathers in KG chains determines also the stability of the
standard configurations. In particular, in [11] the main theorem has been stated under the assumption of
non-existence of phase-shift configurations. On the other hand, if we consider a KG chain with interactions
between its oscillators further than mere the nearest-neighbors, phase-shift breathers can be supported
[12] and consequently the stability picture radically changes.
The paper is organized as follows; in section II we present briefly the methodology for the derivation
of the persistence conditions for the existence of multibreathers in KG chains developed in [11], while
we introduce some terminology. In section III the main theorem about the non-existence of phase-shift
breathers is proven. In section IV we discuss the implication of this theorem to the stability of the
standard MB configurations.
2II. PERSISTENCE AND STABILITY OF MULTIBREATHERS IN 1D KLEIN-GORDON
LATTICES WITH NEAREST-NEIGHBOR INTERACTIONS
In this section we will shortly present the main results of [11], concerning the existence of multibreathers
(MB) in a Klein-Gordon (KG) chain. The classical KG setting is defined as a 1D lattice of coupled
oscillators each one moving in a nonlinear potential V (x) possessing a local minimum at x = 0 (V ′(0) =
0, V ′′(0) = ω2p > 0). Each oscillator is coupled with its two nearest neighbors (NN) with a linear coupling
force through a coupling constant ε, as shown in Fig.1.
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FIG. 1: A one-dimensional Klein-Gordon lattice with nearest-neighbor interactions
The Hamiltonian of a Klein-Gordon chain with nearest neighbor interactions is the following
H = H0 + εH1 =
∞∑
i=−∞
[
1
2
p2i + V (xi)
]
+
ε
2
∞∑
i=−∞
(xi − xi−1)
2
, (1)
which leads to the equations of motion
x¨i = −V
′(xi) + ε(xi−1 − 2xi + xi+1).
This system is well known to support discrete breather, as well as, multibreather solutions (e.g. [1, 2, 11,
15]).
The key notion to the proof of the existence of multibrethears is this of the anticontinuum limit. This
is the limit ε → 0 where the chain consists of uncoupled oscillators. In this limit we consider all the
oscillators of the chain at rest except for n + 1 adjacent “central” ones which move in periodic orbits
of frequency ω, but with arbitrary phases. This configuration defines a trivially space-localized and
time-periodic motion. But, not all of these configurations survive when coupling is introduced (ε 6= 0)
to provide a multibreather. In order for these motions to persist for ε 6= 0, specific conditions on the
phase differences between the oscillators must be satisfied, as well as, some rather generic non-degeneracy
conditions.
In [2] it was shown that multibreathers correspond to critical points of Heff which to leading order of
approximation is given by Heff = H0(Ii) + ε〈H1〉(φi, Ii) [13]. The variables φi = wi+1 − wi denote the
n phase differences of the n + 1 successive central oscillators, while Ii are given by Ii =
∑n
j=i Jj , where
(Ji, wi) are the action-angle variables of a single oscillator. Note that, if we had considered also “holes”
between the central oscillators, i.e.o˙scillators between the central ones which in the anticontinuum limit
lie at rest, a higher order approximation of Heff should be used.
The average value of the coupling part of the Hamiltonian
〈H1〉(φi, Ii) =
1
T
∮
H1(w0, φi, Ii)dt
is calculated along the orbits in the anti-continuum limit ε = 0.
This yields the conclusion that the persistence conditions for the existence of n+1-site multibreathers
are
∂〈H1〉
∂φi
= 0, i = 1 . . . n, (2)
as far as two non-degeneragy conditions hold. The first one is the non-resonance condition of the breather
frequency ω with the phonon frequency ωp i.e. ωp 6= kω. The second condition is the anharmonicity
condition ∂ω
∂J
6= 0 which implies that the oscillation frequency of a single oscillator depends on the
oscillation amplitude.
3By using the fact that the motion of the central oscillators for ε = 0 can be described by
xi =
∞∑
m=0
Am cos(mwi) (3)
the average value of H1 becomes ([11] appendix A)
〈H1〉 = −
1
2
∞∑
m=1
n∑
s=1
A2m cos(mφs)
and the persistence conditions (2) become in the case of Klein-Gordon chains with nearest neighbor
interactions,
∂〈H1〉
∂φi
= 0⇒M(φi) ≡
∞∑
m=1
mA2m sin(mφi) = 0, i = 1 . . . n. (4)
This system of equations possesses the obvious solutions φi = 0, pi, while, as it will be shown in the next
section it possesses no others.
Since only φi = 0 or pi can be supported, the multibreathers should have any pair of adjacent central
oscillators moving either in-phase or anti-phase. These configurations are called the standard config-
urations. In figure 2 all the possible standard 3-site breather configurations are shown. These are
(a) the in-phase {φ1 = φ2 = 0} configuration, (b) the anti-phase {φ1 = φ2 = pi} configuration and
(c) the mixed one {φ1 = 0, φ2 = pi}. The on-site potential used in order to acquire these figures is
V (x) = x2/2− 0.15x3/3− 0.05x4/4 and the depicted multibreathers correspond to coupling ε = 0.02 and
frequency ω = 0.845.
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FIG. 2: Snapshots of all the possible 3-site breather configurations. In (a) the in-phase {φ1 = φ2 = 0} configuration
is shown, in (b) the anti-phase {φ1 = φ2 = pi} and in (c) the mixed one {φ1 = 0, φ2 = pi}.
In [12] it has been shown that, by introducing interactions with range beyond this of just the nearest-
neighbor ones, the persistence condition (4) are altered, so phase-shift configurations (φi 6= 0 or pi) are
also permitted. One could intuitively predict the existence of phase-shift configurations, since a 1D chain
with long-range interactions can be analogous to a nearest-neighbor interaction 2D lattice which supports
such configurations. For example, a three-site breather in a next-nearest-neighbor 1D lattice is equivalent
to a three-site (triangular) breather in a nearest-neighbor hexagonal lattice, where the existence of a
vortex-breather configuration with φ1 = φ2 = 2pi/3 or 4pi/3 is well established [13].
III. PROOF OF NONEXISTENCE OF PHASE-SHIFT BREATHERS IN
ONE-DIMENSIONAL KLEIN-GORDON CHAINS WITH NEAREST-NEIGHBOR
INTERACTIONS
In this section we will prove that phase-shift breathers[23] (φi 6= 0 orpi) cannot be supported in one-
dimensional Klein-Gordon chains with nearest-neighbor interactions. This fact will be proven by showing
that the persistence conditions (4) have only the φi = 0, pi solutions in the φi ∈ [0, 2pi) interval.
In order to prove our main theorem we have first to prove two lemmas.
4Lemma 1. The solutions of M(φ) = 0 coincide with the solutions of I(φ) ≡
∫ 2pi
0
x˙(w) x(w − φ)dw = 0.
Proof. As we have already mentioned, the displacement of an uncoupled oscillator from the equilibrium
can be described as an even 2pi-periodic function with respect to w = ωt+ ϑ, as
x(w) =
∞∑
m=0
Am cos(mw). (5)
We define the function N(φ) as the opposite of the averaged autocorrelation function of x(w)
N(φ) = −
1
2pi
∫ 2pi
0
x(w)x(φ − w)dw. (6)
By substituting (5) into (6) we get
N(φ) = −
1
2pi
∞∑
n=0
∞∑
m=0
AnAm
∫ 2pi
0
cos(nw) cos[m(φ− w)]dw
or
N(φ) = −
1
4pi
∞∑
n=0
∞∑
m=0
AnAm
∫ 2pi
0
{cos[(n−m)w +mφ] + cos[(n+m)w −mφ]}dw
which leads to
N(φ) = −
1
2
∞∑
m=0
A2m cos(mφ). (7)
By differentiation of (7) with respect to φ we get
d
dφ
N(φ) =
1
2
∞∑
m=0
mA2m sin(mφ) =
1
2
M(φ). (8)
On the other hand, by using the differentiation properties of the convolution function, we get from (6),
d
dφ
N(φ) = −
1
2pi
∫ 2pi
0
dx(w)
dw
x(φ − w)dw = −
1
2piω
∫ 2pi
0
x˙(w) x(φ− w)dw, (9)
where the dot denotes differentiation with respect to time. From (8) and (9) we get finally
M(φ) ≡
∞∑
m=0
mA2m sin(mφ) = −
1
piω
∫ 2pi
0
x˙(w) x(φ − w)dw = −
1
piω
∫ 2pi
0
x˙(w) x(w − φ)dw = −
1
piω
I(φ).
(10)
So,
M(φ) = 0⇔ I(φ) = 0 (11)
Remark: By the differentiation properties of the convolution function, we could get also from (6),
N ′(φ) = −
1
2pi
∫ 2pi
0
x′(w) x(φ − w)dw = −
1
2pi
∫ 2pi
0
x(w) x′(φ− w)dw,
where the prime denotes differentiation with respect to the argument of the function, or∫ 2pi
0
x˙(w) x(x− φ) dw = −
∫ 2pi
0
x(w) x˙(w − φ) dw. (12)
In the last equation we have used the symmetries of the displacement x(w), i.e. x(−w) = x(w) and
x˙(−w) = −x˙(w). This last fact will be used in the proof of lemma 2.
5Lemma 2. Equation I(φ) = 0 has no solutions for φ ∈ (0, pi) ∪ (pi, 2pi).
Proof. Let x(w) be the vector x(w) = {x(w), x˙(w)}. So, the cross product of x(w) with x(w−φ) reads[24]
|x(w) × x(w − φ)| = x(w)x˙(w − φ)− x˙(w)x(w − φ) = ‖x(w)‖ ‖x(w − φ)‖ sinφ
So,
∫ 2pi
0
[x(w)x˙(w − φ)− x˙(w)x(w − φ)]dw = sinφ
∫ 2pi
0
‖x(w)‖ ‖x(w − φ)‖ dw
or, by using (12),
−2
∫ 2pi
0
x˙(w) x(w − φ) dw = sinφ
∫ 2pi
0
‖x(w)‖ ‖x(w − φ)‖ dw
and finally
I(φ) ≡
∫ 2pi
0
x˙(w) x(w − φ)dw = −
sinφ
2
∫ 2pi
0
‖x(w)‖ ‖x(w − φ)‖ dw. (13)
Since ‖x(w)‖ > 0 ∀ w, for the unperturbed oscillator, the sign of I(φ) is defined by the value of φ. So,
I(φ) < 0 for 0 < φ < pi and I(φ) > 0 for pi < φ < 2pi.
Theorem 1. In a one-dimensional Klein-Gordon lattice with nearest-neighbor interactions only standard
configuration (φi = 0 or pi) multibreathers can be supported.
Proof. In order for a MB configuration to be supported in a classical Klein-Gordon chain described by
(1), the phase-differences φi between successive oscillators must satisfy eqs.(4).
The system (4) is decomposed into n independent equations, so it is sufficient to check for solutions of
M(φ) = 0 and since M(φ) is 2pi-periodic it is sufficient to check for solutions with φ ∈ [0, 2pi).
Since φ = 0, pi are by construction solutions of M(φ) = 0, the standard configuration multibreathers
are always supported.
On the other hand, by (10) and (13), we get that
M(φ) =
sinφ
2piω
∫ 2pi
0
‖x(w)‖ ‖x(w − φ)‖ dw. (14)
So,
M(φ) 6= 0 for φ ∈ (0, pi) ∪ (pi, 2pi),
and phase-shift (φ 6= 0 or pi) configurations cannot be supported.
In addition, from (14) we get that M(φ) > 0 for 0 < φ < pi and M(φ) < 0 for pi < φ < 2pi.
Remark: One could think the case of phonobreathers (see e.g. [5]) as a case where phase-shift con-
figurations exist in a Klein-Gordon chain with nearest-neighbor interactions. But, these motions are
substantially different from the multibreathers we study in this work, since in the case of phonobreathers
all the sites of the lattice are excited in the anticontinuoum limit, while in our case there is a specific
number of n+1 adjacent central oscillators. This fact together with the assumption of periodic boundary
conditions give rise to different persistence conditions than (4) which support phase-shift configurations.
6IV. DISCUSSION ABOUT THE STABILITY OF MULTIBREATHERS IN KLEIN-GORDON
CHAINS
In [11], under the assumption of non-existence of phase-shift breathers, the spectral stability of the
multibreather solutions in one-dimensional Klein-Gordon chains with nearest-neighbor interactions, is
well established by the theorem
Theorem 2. Under the assumption that (4) has only the φi = 0, pi solutions, in systems of the form (1),
if P ≡ ε∂ω
∂J
< 0 the only configuration which leads to linearly stable multibreathers, for |ε| small enough, is
the one with φi = pi ∀i = 1 . . . n (anti-phase multibreather), while if P > 0 the only linearly stable con-
figuration, for |ε| small enough, is the one with φi = 0 ∀i = 1 . . . n (in-phase multibreather). Moreover,
for P < 0 (respectively, P > 0), for unstable configurations, their number of unstable eigenvalues will
be precisely equal to the number of nearest neighbors which are in- (respectively, in anti-) phase between
them.
After the proof of theorem 1 the assumption is no longer necessary. So, from the above, we conclude that
the non-existence of phase-shift breathers is significant, not only in order to exclude the non-supported
multibreather configurations in 1D KG chains but also in order to categorize the supported ones in terms
of their corresponding stability.
It is important to bare in mind that the above theorem holds for |ε| close to the anticontinuum limit,
since as the coupling strength increases the stability of a specific configuration can change through a
Hamiltonian-Hopf bifurcation. On the other hand the result of Theorem 1 on the existence (or non-
existence) of the discussed configurations holds independently of this change of the stability.
We have to note here that in a recent paper [18] the authors have studied the stability of configurations
with holes between the excited oscillators in the anticontinuum limit, by using higher order perturbation
theory. But, in this work we will only consider adjacent central oscillators.
V. CONCLUSIONS
It is well known that one-dimensional Klein-Gordon (KG) lattices with nearest-neighbor (NN) inter-
actions support multibreathers with the standard phase-difference φi = 0, pi between adjacent central
oscillators. On the other hand there were strong evidences (including numerical computations) suggest-
ing that phase-shift breathers i.e. multibreathers with φi 6= 0 or pi cannot exist in this classical KG
setting.
In the present work we prove that, indeed, the only configurations that can exist in a classical KG
1D lattice with NN interactions are the standard ones (φi = 0, pi). This fact excludes the existence of
phase-shift breathers and, as it has been shown in [11], it also clarifies the stability image for the existing
multibreathers i.e. if P ≡ ε∂ω
∂J
< 0 the anti-phase configuration is the only stable one, while for P > 0
the in-phase configuration is the only stable multibreather solution.
On the other hand, as it has been recently shown [12], in 1D KG chains where interactions with range
larger than just the nearest-neighbor ones are considered, phase-shift breathers can be supported, giving
rise to radically different stability scenaria.
Future directions of this work could include the study of the possibility of use of similar techniques in
order to infer supported solutions in the case of lattices with longer range interactions or in the case of
multibreathers with holes between the central oscillators.
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